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Abstract 

Let D be a strongly connected digraphs on n > 4 vertices. A 
vertex v of D is noncritical, if the digraph D — v is strongly connected. 
We prove, that if sum of the degrees of any two adjacent vertices of D 
is at least n + 1, then there exists a noncritical vertex in D, and if sum 
of the degrees of any two adjacent vertices of D is at least n + 2, then 
there exist two noncritical vertices in D. A series of examples confirm 
that these bounds are tight. 

1 Introduction 

In this paper we consider a digraph D without loops and multiple 
arcs, i.e. any two vertices x and y are connected by at most two arcs 
(at most one arc of each direction). 

For a subgraph T of the digraph D we denote by V(T) the set of 
vertices of T and by V(T) the set of vertices of D which do not belong 
to the subgraph T. We denote by T — x the subgraph obtained from T 
by deleting the vertex x and all arcs incident to x. 

Definition 1. A digraph is called strongly connected if for any two its 
vertices x, y there is a path from x to y. 

Definition 2. A vertex v of a strongly connected digraph D is called 
noncritical, if the digraph D — v is strongly connected. 

Definition 3. The degree of a vertex x in a digraph D (notation: 
deg(x)) is the number of vertices adjacent to x. (In the case where 
vertices x and y are connected by several arcs we count the vertex y 
once.) 
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S. V. Savchenko [3] in 2006 has proved that a strongly connected 
digraph D with n vertices and vertex degrees at least has two 
noncritical vertices. There are no further results on this subject. 

It follows from our main result, that if minimal vertex degree of a 
digraph is at least then this digraph has a noncritical vertex, and 
if minimal vertex degree of a digraph is at least then this digraph 
has two noncritical vertices. 

As well as the author of [3J, we need the following lemma, formu- 
lated in pp. 

Lemma 1. Let D be a strongly connected digraph and S be a proper 
strongly connected subgraph of D. Then S is a maximal proper strongly 
connected subgraph of D if and only if the three following conditions 
hold: 

1) There exists a vertex Ui n £ V(S), such that any arc from V(S) 
to V(S) ends in the vertex uJi n ; 

2) There exists a vertex ui ou t 6 V(S), such that any arc from V(S) 
to V(S) begins at the vertex uj ou t; 

3) There exists a unique simple path from uji n to uj ou t in D and this 
path contains all vertices of the set V(S) and only them (see figure 1). 

2 Search for noncritical vertices 

Theorem 1. Let D be a strongly connected digraph with n 4 ver- 
tices, such that for any two adjacent vertices x and y of this digraph 
the inequality deg(x) + deg(y) ^ n + 1 holds. Then D has a noncritical 
vertex. 

Proof. We consider two cases A and B: in case A the minimal vertex 
degree of D is at least 3, and in case B there is a vertex of degree less 
than 3 in D. 

A. The minimal vertex degree of D is at least 3. 

Consider a maximal proper strongly connected subgraph S of the 
digraph D. 

1° If V(S) consists of one vertex, then this vertex is noncritical 
and the theorem is proved. 

Hence in what follows the set V(iS') consists of at least two vertices, 
then the vertices cjj n and oj ou t are different. 

2° Let V(S) contains at least four vertices. 

Consider a path from uji n to uj ou t , which contains all vertices of the 
set V(iS') and only them. In this case we can choose two successive 
vertices a\ and in this path, which are different from uii n and uj ou t 
(see figure 1). 
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a x a 2 




Figure 1: 

Then there are no arcs between {a\, 02} and S, hence the degree of 
both vertices a\ and a 2 is at most (^(S*)! — 1. Consider two adjacent 
vertices 61,62 G V(S). (These vertices exist since otherwise S consists 
of one vertex and this vertex has degree at most 2.) The degree of 
each of vertices b\, 62 is not more than |F(<5)| — 1 + 2 = ^(S 1 )! + 1 
(the vertex bi can be adjacent to the vertices of S different from b{ 
and to u)i n , to out)- 

We have chosen two pairs of adjacent vertices, hence, we obtain 
the following inequality: 

2(n + 1) < deg(ai) + deg(a 2 ) + deg{b\) + deg(b 2 ) < 
2(\V{S)\ - 1) + 2(\V(S)\ + 1) = 2\V(D)\ = 2n, 
that is impossible. 

3° Let V(S) contains three vertices. 

In this case a vertex a G V(S), which is different from Wj ra and uw, 
is adjacent only to uji n and uw, i.e. deg(a) = 2. We obtain a contra- 
diction. 

4° Let V(S) contains two vertices, i.e. V(S) = {uji n , co ou t}. 




Figure 2: 

Let us construct an incoming tree Ti n of the vertex uji n in the 
subgraph D — Uout- The vertex Wj n is the root of this tree. Level 1 



3 



consists of the vertices which have outgoing arcs to Ui n , and so on: 
level k consists of the vertices which do not belong to previous levels 
and have outgoing arcs to vertices of level (k — 1). It follows from the 
strong connectivity of D, that for any vertex x € S there is a path 
from x to uji n in D. Hence, any vertex of the set S belongs to some 
level. For each vertex, with the exception of Wj n , we draw exactly one 
outgoing arc to a vertex of previous level (see figure 3). 



Now consider T« n as an undirected tree. Let us call any connected 
component of Tj„ — Wj n a branch. Note, that every branch contains a 
leaf of this tree, and the number of branches is equal to deg(ui n ) — 1, 
since T« n contains all arcs incident to Wj n , with the exception of arcs 
between oji n and ujout- Denote by Ai n the set of all leaves of T« n . We 
have proved that \Ai n \ ^ deg{uji n ) — 1. Clearly, for any vertex x G Ai n , 
there is a path from any other vertex of the set S to 0Ji n in Tj n — x. 

Similarly, we construct an outgoing tree of the vertex oj out in the 
subgraph D — oj,i n and the set A out . For any vertex x 6 A out , there is 
a path from 0J O ut to any other vertex of the set S in T ou t — x. Simi- 
larly, \A out \ > deg(ujout) — 1. The vertices 0Ji n and oj ou t are adjacent, 
whence it follows: 

\Ain\ + \A out \ ^ deg(u} in ) - 1 + deg(u} out ) - l^n + l- 2 = n-l. 

Since \Ai n U A out \ < \S\ = n — 2, there exists a vertex x <G A{ n n ^4 wt- 
For any vertex y £ S \ x there is a path from y to uji n and a path 
from uj out to y in the graph D — x. Since there is an arc from Wj„ 
to w ou t, the graph D — x is strongly connected and the vertex x is 
noncritical. 

B. There is a vertex of degree less than 3 in D. 
Let q is a vertex of degree less than 3. Clearly, there exists a 
vertex p\ adjacent to q. We know, that 




Figure 3: Incoming tree. 



deg{q) + n — 1 ^ deg(q) + deg(p±) ^ n + 1 
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hence we obtain deg(q) = 2 and deg{p\) = n — 1. Thus there exists 
another vertex p2 adjacent to q. Similarly, deg(j>2) = n — 1. 

Since deg{p\) = deg{p2) = n — 1, there exists an arc between pi 
and ^2 (maybe two arcs of different directions). Without loss of gen- 
erality assume that there is an arc p±p2 in D. We assume that q is 
not a noncritical vertex (otherwise the theorem is proved). Then the 
graph D — q is not strongly connected, hence there are two vertices x 
and y, such that any path from x to y in D contains the vertex q. 
Consider the shortest path P from x to y. Clearly, P must pass 
both vertices p\ and p2- Since P is the shortest path, it passes the 
arcs p2q and qp\ (otherwise the shortest path must pass the arc p\P2 
and avoid q). 

Hence there is an oriented cycle qp\P2 in the digraph D. Since this 
cycle does not contain all vertices of D, there is a maximal strong- 
ly connected proper subgraph S, which contains q, p\ and p2- If 
1^(5)1 >2, then there exists a vertex a € S, different from bJi n ,bj out . 
Clearly, there is no arc between p\ and a, i.e. deg(p\) < n — 1, we ob- 
tain a contradiction. The remaining cases (^(S 1 )! = 1 and ^(S 1 )! = 2 
are similar to the subcases 1° and 4° of case A. (It does not matter 
whether there are vertices of degrees 1 and 2 or not in the proofs of 
these subcases). □ 

Corollary 1. Let D be a strongly connected digraph with n ^ 4 ver- 
tices and vertex degrees at least . Then D has a noncritical vertex. 

Remark 1. 1) The bounds n + 1 in theorem [T] and in corollary [T] 
are tight. Let us construct for an even n a graph D (see figure 4), 
such that: 

- V(D) ={»!,... a n/ 2,h, ■ ■ ■ K/2Y, 

- E(D) consists of arcs aA and arcs haj, where i 7^ j. 
Clearly, all vertex degrees in this graph are equal to ^ and there 

are no noncritical vertices. 




Figure 4: A graph without noncritical vertices. 
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2) The bound n + 1 in theorem [T] is also tight for odd n. Let us 
construct a digraph D which is suitable for all n ^ 6 (see figure 5): 
— V{D) = {ax,. . . ,a n _ 4 ,xi, . . . ,x 4 }. 

— E(D) consists of arcs ajOj+i, a^a, (j > 0^x3, a^aij a n _4Xi, 

X2X3, X3X4, X4ai (where i, j G {1, . . . ,n — 4}). 




Figure 5: A graph without noncritical vertices. 

Clearly, the digraph D is strongly connected. Let us verify the con- 
dition on sum of degrees of pairs of adjacent vertices. The vertices x\ 
and X4 have degree 2, the vertices ai,a n _4, X2,X3 have degree n — 2, 
all other vertices have degree n — 3. Each vertex of degree 2 is adjacent 
only to vertices of degree n — 2, i.e. the sum of degrees of these pairs 
is n. Any other vertex has degree at least n — 3, hence, any other pair 
of adjacent vertices has sum of degrees at least 2(n — 3) = 2n — 6 ^ n. 

Let us assure, that D has no noncritical vertices. In the graph D — 
en (where i > 1) there is no path from {x^,X4, a%, . . . , aj_i} to x\. 
In the graph D — x\ there are no arcs with the end at X2. In the 
graph D — X2 there are no arcs with the beginning at X2- In the 
graph D — X3 there are no arcs with the end at X4 . In the graph D — X4 
there are no arcs with the beginning at X3. In the graph D — a\ there 
are no arcs with the beginning at X4. Hence, there are no noncritical 
vertices in D. 

Corollary 2. Let D be a strongly connected digraph with n ^ 4 ver- 
tices, such that for any two adjacent vertices x and y of this digraph the 
inequality deg(x) + deg(y) ^ n + 2 holds. Then D has two noncritical 
vertices. 
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Proof. We claim, that the degree of any vertex in the graph D is at 
least 3. (Otherwise, if there is a vertex x of degree at most two, then 
a vertex adjacent to x must have degree at least n. Clearly, that is 
impossible). Hence, we have the case A of theorem 1. Consider two 
cases. 

1° For any maximal strongly connected proper subgraph S we have 
\V(Sj\ = l. 

By theorem Q] there exists a noncritical vertex x\ in D. Consider a 
maximal strongly connected proper subgraph which contains x\. Let 
it does not contain xi. Then x\ and x<i are two different noncritical 
vertices. 

2° There exists a maximal strongly connected subgraph S, such 
that \V(S)\ ^ 2. 

Then by the reasonings of theorem [1] only the case where | V(S') | = 2 
is possible. Consider the sets Ai n and A out constructed in the proof 
of theorem [T] (see subcase 4° of case A) . Now we have the inequality 

\A in \ + \A out \ ^ deg(aj in ) - 1 + deg(oj out ) - l^n + 2- 2 = n. 

Since \Ai n U A out \ < \S\ = n — 2, there exist at least two vertices 
in Ai n H A ou t- Clearly, these vertices are noncritical. □ 

Corollary 3. Let D be a strongly connected digraph with n ^ 4 ver- 
tices and vertex degrees at least Then D has at least two non- 
critical vertices. 

Remark 2. 1) The bounds re + 2 in corollary [2] and in corollary [3] 
are tight. Let us construct for an odd n a graph D (see figure 6), such 
that: 

- V ( D ) = {«l,--- a (n-l)/2,frl,---fr(n-l)/2,2;}; 

- E(D) consists of arcs a^, arcs biOj, where i ^ j, arcs xai and 
arcs b{X. 

Clearly, all vertex degrees in this graph are at least and x is 
the only noncritical vertex. 

2) The bound n + 2 in corollary [2] is also tight for even n. Let us 
construct a digraph D which is suitable for all n ^ 5 (see figure 7): 

- V{D) = {ai,...,a n _i,x}. 

- E(D) consists of arcs ajOj+i, ajai (j > i + 1), xa%, a n -\x 
(where i,j € {1, . . . , n — 1}). 

Clearly, the digraph D is strongly connected. Let us verify the 
condition on sum of degrees of pairs of adjacent vertices. The vertex x 
of degree 2 is adjacent in D only to vertices of degree n — 1, i.e. the 
sum of degrees of these pairs is n + 1. Any other vertex has degree 
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Figure 6: A graph with only one noncritical vertex. 




Figure 7: A graph with only one noncritical vertex. 



at least n — 2, hence, any other pair of adjacent vertices has sum of 
degrees at least 2(n — 2) = 2n — 4 ^ n + 1. 

Let us assure, that x is the only noncritical vertex in D. Clearly, 
in the graph D — aj (where i > 1) there is no path from {a±, . . . , dj-i} 
to x. In the graph D — a\ there are no arcs with beginning at x. 

Remark 3. The proof of theorem [T]in the case |V(i5)| > 1 and min- 
imal vertex degree is d gives us 2d — n noncritical vertices. In spite 
of this, no lower bound on minimal vertex degree can provide three 
noncritical vertices in a strongly connected digraph D. 

For any n there exists a strong tournament (i.e. a strongly con- 
nected digraph in which each pair of vertices is connected by exactly 
one arc) with precisely two noncritical vertices. Let us construct this 
tournament on n vertices a\ , . . . , a n (see figure 8) . This tournament 
has arcs of type ajaj+i (where i < n), and of type ajOj for each pair i, j, 
where i > j + 1. 



a 2 



a n-\ 



Figure 8: Strong tournament with two noncritical vertices. 
Translated by D. V. Karpov. 
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